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Abstract. Dealing with structured data has always represented a huge
problem for classical neural methods. Although many eﬀorts have been
performed, they usually pre-process data and then use classic machine
learning algorithm. Another problem that machine learning algorithm
have to face is the intrinsic uncertainty of data, where in such situations classic algorithm do not have the means to handle them. In this
work a novel neuro-fuzzy model for structured data is presented that exploits both neural and fuzzy methods. The proposed model called Fuzzy
Graph Neural Network (F-GNN) is based on GNN, a model able to
handle structure data. A proof of F-GNN approximation properties is
provided together with a training algorithm.
Keywords: Structured pattern recognition, fuzzy systems, neural
networks.

1

Introduction

Although neural methods have proved their powerful in dealing with various
machine learning problems, sometimes they have failed because of the intrinsic
data uncertainty. For this reason a growing interest has been addressed towards
the integration of neural nets and approximated logics with a particular interested for the most famous, i.e. fuzzy logic[18,19]. Synergy between these two
computational methods leads to the deﬁnition of new models called neuro-fuzzy
systems. The basic idea behind neuro-fuzzy system is transforming fuzzy control
system so to get neural net learning feature and hence exploiting advantages
from both models. In neuro-fuzzy models, neural nets supply to fuzzy systems
the connectionist structure and the learning ability, while fuzzy systems allow
the use of a framework for approximated reasoning by means of rules in the
IF-THEN form.
Fuzzy logic and neural nets are complementary technologies. Neural nets get
information from systems that have to learn and control, while fuzzy logic based
techniques use linguistic information from experts. It is natural that the synergy
between these two techniques brings beneﬁts to the ﬁnal model. For example, it
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is possible to use a fuzzy system to represent experience from an expert and to
use neural nets to calibrate their operation. In general, neuro-fuzzy model can
be classiﬁed in three categories[6]:
1. Neural fuzzy systems: neural nets are used into fuzzy model
2. Fuzzy neural networks: fuzziﬁcation of neural nets
3. Fuzzy-neural hybrid systems: hybrid systems that incorporate fuzzy techniques and neural techniques.
In the ﬁrst approach the goal is to provide fuzzy systems with tuning techniques
used for neural nets without modifying their functionalities. In these models
neural nets are used for numeric processing of fuzzy systems.
A fuzzy system of the ﬁrst type are the fuzzy basis function network (FBFN),
a type of neuro-fuzzy controller originally proposed by Wang and Mendel in [14].
In a FBFN, a fuzzy system is presented like an expansion series of fuzzy basis
function (FBF), that is algebraic superimposition of membership functions. For
this reason each FBF codes a fuzzy rule.
In the second approach, some typical elements of neural nets are fuzziﬁed. In
particular in fuzzy neural nets fuzzy neuron with activation signal obtained from
a fuzzy relation are used[9].
In the third approach, both techniques play a fundamental role: each one
operates in distinct part of the system so to incorporate complete functionalities
of the other one[2].
A major drawback of the existing neural fuzzy systems is that their application domain is limited to static problems due to their inherent feedforward
network structure. However, these kinds of studies are very interesting in all the
application domains where the patterns are strongly correlated through structure, the processing is both numerical and symbolic and the nature of the data
is imprecise and incomplete. Hence neural fuzzy systems capable for solving
structure dependent problems are needeed.
The use of more complex data structures can lead to a better representation
of data, so to simplify the solution of a given problem that deals with such data.
Many eﬀorts have been performed to handle structured data by pre-processing
them and then apply classical machine learning algorithms. This approach not
only add complexity to the ﬁnal algorithm, but also introduce approximation
errors and implementation diﬃculties. Moreover these kind of techniques tend
to be speciﬁc for a problem and hence can be hardly reused for other problems. Neural methods are an example of techniques that evolved to handle with
structured data[8][16][17][10]: original connectionist models have been modiﬁed
to process sequences, trees and graphs. Some models[3][1] have been proposed
to deal directly with structured data, also able to approximate showing in probability every function deﬁned on graph till an arbitrary precision degree.
Recently, much work has been focused on the representational capabilities of
recursive networks. The idea which motivates these studies is that if a network
model cannot represent a certain structure, then it certainly cannot learn it
either. The main question is then whether or not a given recursive network
architecture can represent a speciﬁc structure [4]. Recursive neural networks can
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be initialized with prior knowledge provided by training structured data; this
ability makes recursive neural networks useful tools for modeling tree automata,
where prior knowledge is available.
The purpose of the present paper is to report how to construct neural fuzzy
models for dealing with structured data in recursive manner. The work extends
the model Graph neural network [11,12], letting to handle fuzziness. The learning
algorithm of the reported model and its approximation capabilities are reported
and demonstrated.

2

The Proposed F-GNN Model

The model is based on the idea that computing “concepts” is more eﬃcient if
performed by means of linguistic elements coded as fuzzy rules. A node can
represent an object with some physical attributes, but it can also represent a
concept; in this case a crisp computation is not adequate. A model able to
elaborate such nodes should deal with an intrisic uncertainty, hence fuzzy logic
can support this kind of computation with poweful tools. In the same way, edges
represent relationships between nodes that can be better expressed in terms of
linguistic concepts. Once again, fuzzy computation allows the use of powerful
tools to deal with the uncertainty of these linguisitc elements. Based on these
considerations, the information processing at each node and each edge is made
by means of fuzzy systems in the form of multi-input-single-output (MISO). The
idea is that each node computes input information using fuzzy rules.
Let us assume the fuzzy rules for each node have the following form:
Rj : IF x1 is Aj1 AND x2 is Aj2 AND ... AND xn is Ajn THEN y is B j
where xi , i = 1, 2, ..., n are the input variables, y is the output variable and Aji
and B j are linguistic terms characterized by membership functions μAj (xi ) and
i
μB j (y) with j = 1, 2, ..., M .
Each node in the graph is encoded by a fuzzy control multi-input-single-output
system (X ⊂ Rn → Y ⊂ R) and in case of multiple output system, it can be
decomposed in more multi-input-single-output systems.
Given an input graph, an encoding map is built using a MISO for each node
of the graph. Each connection between nodes of the graph corresponds to connection between MISOs. Moreover for each output node another MISO is used.
Figure 1 shows the structure of an encoding map where fw and gw are MISOs.
Connections between nodes are necessary to collect the states from adjacent
nodes to a given node. In this way a node output will depend not only on the
state and labels of the node itself but also on states and labels of adjacent nodes.
Once the encoding map has been built, it is unfolded following the input graph
connections (ﬁg.2) and, once the ﬁxed state has been reached, g-unit are added
(encoding network). g-unit is unique in case of focused map; in general, we can
say that they equal the number of output nodes.
From the deﬁnition of MISO and from the structure of encoding network, it is
possible to note how in the proposed model f -unit input data are fuzziﬁed and
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Fig. 1. Structure of an encoding map

Fig. 2. Unfolding

defuzziﬁed before they become input of the next f -unit. It is well known [5] that
when more fuzzy rules are linked, problems can arise if the output of the ﬁrst
rule is not defuzziﬁed before it is given in input to the next rule: this problem,
called fuzzy modus ponens[13], has been faced by a large number of fuzzy logic
researchers.
The above described procedure can be formalized by the following equation:

xn = fw (ln , lcp[n] , xne[n] , lne[n] )
(1)
on = gw (xn , ln )
where ln is the label of node n, lcp[n] are the labels of its edges, xne[n] are the
states of the nodes in the neighborhood of n, lne[n] are the labels of the nodes in
the neighborhood of n, and xn is the state of node n, i.e. it represents the concept
denoted by node n. This value, along with the label ln , is used to produce an
output, i.e. a decision about the concept.
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However, for non-positional graphs it is useful to replace function fw of Eq.1
with the following equation

hw (ln , l(n,u) , xu , lu )
(2)
xn =
u∈ne[n]

where hw is a parametric function. This transition function, already used in
recursive neural networks, is not aﬀected by the positions and the number of the
children.
Assuming that the fuzzy system implemented on each node is composed by
the following elements:
–
–
–
–

Singleton fuzziﬁer
Product inference
Centroid defuzziﬁer
Gaussian membership function.

Each MISO could be modeled as follows:
M j  n
j=1 y ( i=1 μAji (xi ))
y = f (x) = M n
j=1 ( i=1 μAj (xi ))

(3)

i

where f : X ⊂ R → R, y is the point in the output space Y where μB j (yj )
reaches its maximum value and μAj (xi ) is a Gaussian membership function
i
deﬁned as:
1 xi − mji 2
μAj (xi ) = aji exp[− (
) ]
(4)
i
2
σij
n

j

where aji , mji and σij are real parameters and 0 < aji ≤ 1.
From Eq. 4, it is possible to deﬁne fuzzy basis functions (FBFs) as:
n
i=1 μAj (xi )
pj (x) = m n i
, j = 1, 2, ..., M.
j=1 ( i=1 μAj (xi ))

(5)

i

and a FBF network (FBFN) like a FBF expansion:
f (x) =

M


pj (x)θj

(6)

j=1

where θj = y j ∈ R, i.e. a FBFN can be thought as a linear combination of FBFs.
This asserts also the computational equivalence between a MISO fuzzy system
and a FBFN.
Figure 3 shows the structure of a FBFN where Gaussian membership functions
composed with product are present in layer 1. The output of layer 1 is composed
using the sums in layer 2, while in layer 3 the output is defuzziﬁed. It has to be
noted that, although FBFN structure for f -unit and g-unit is the same, rules
implemented by the two nets are not necessarily the same.
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Fig. 3. FBFN structure

3

F-GNN: Universal Approximator

In the following, theorems that demonstrate approximation properties of the
F-GNN model will be reported.
Firstly we introduce the concept of unfolding equivalence. Let us assume that
τ : D → Rm is a generic map constrained to produce the same output on
nodes that are equivalent, i.e. given two nodes n and u of a grah G, n ∼ u
implies τ (G, n) = τ (G, u). The equivalence ∼ is called unfolding equivalence and
is deﬁned using the concept of unfolding tree Tnd , that is the graph obtained by
unfolding G up to the depth d using n as root.
Definition 1 Unfolding Equivalence. Let G = (N, E) be an undirected graph1 .
The nodes n, u ∈ N are said to be unfolding equivalent, i.e. n ∼ u, if Tn = Tu .
Theorem 1 Approximation by non positional GNN[11]. Let D be the
non-positional graph domain. For each measurable function τ ∈ F(D) that preserves the unfolding equivalence, each norm  ·  over Rm , each probability measure P over D and every real , μ, λ with  > 0, 0 < λ < 1, 0 < μ < 1, exist two
continuous derivable function h and g
xn =

1



hw (ln , l(n,u) , xu , lu )
on = gw (xn , ln ), n ∈ N
u∈ne[n]

The deﬁnition can be extended also to directed graph.

(7)
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such that the global transition function F is a contraction with constant μ, state
dimension is s = 1 and the function defined by φ(G, n) = on satisfy the condition
P (τ (G, n) − φ(G, n) ≥ ) ≤ 1 − λ

(8)

where the global transition function F is a stacked version of |N | instances of fw .
Theorem 2 Approximation by non-positional non-linear F-GNN. Let
assume true the hypothesis of the previous theorem, then exists a set of parameters w and two FBFNs hw and gw with continuous derivative such that the thesis
of the previous theorem is verified.
Previous theorem relies on the following Lemma, which demonstrates that FBFNs
are universal approximators.
Lemma 1 Stone-Weierstrass theorem. Let Z be a set of continuous real
functions on a compact set U . If
1. Z is an algebra, that is the set Z is closed with respect to sum, product and
scalar product operations
2. Z separates points in U , that is for each x, y ∈ U , x = y
then Z uniform closure consists of all the continuous real functions on U , that
is (Z, d∞ ) is dense in (G[U ], d∞ ).
Proof: Firstly, we show the proof that (Y, d∞ ) is an algebra. Let f1 , f2 ∈ Y such
that:
n
K1
j
j=1 (z1
i=1 μA1ji (xi ))
(9)
f1 (x) =
K1 n
j=1 ( i=1 μA1ji
n
K2
j
j=1 (z2
i=1 μA2ji (xi ))
f2 (x) =
(10)
K2 n
j=1 ( i=1 μA2j
i

from which we have:
K1 K2
f1 (x) + f2 (x) =

n
j1
j2
(xi )μA2j2 (xi ))
j2=1 (z1 + z2 )( i=1 μA1j1
i
i
K1 K2 n
j1 (xi )μ
j2 (xi ))
(
μ
j1=1
j2=1
i=1 A1i
A2i

j1=1

(11)

Given that μA1j1 and μA2j2 are Gaussian membership functions, their product
i
i
μA1j1 μA2j2 is still a Gaussian function, hence f1 + f2 is in the form a FBFN
i
i
(f1 + f2 ∈ Y ). Similarly we have that:
n
K1 K2
j1
j2
(xi )μA2j2 (xi ))
j1=1
j2=1 (z1 z2 )( i=1 μA1j1
i
i
f1 (x)f2 (x) =
(12)
K1 K2 n
j1 (xi )μ
j2 (xi ))
(
μ
j1=1
j2=1
i=1 A1
A2
i

i

is also in the form of a FBFN, hence f1 f2 ∈ Y . Finally, for an arbitrary c ∈ R,
n
K1
j
j=1 (cz1
i=1 μA1ji (xi ))
cf1 (x) =
(13)
K1 n
j=1 ( i=1 μA1j )
i
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we still have a FBFN, hence f1 f2 ∈ Y .
Next step consist in demonstrating that (Y, d∞ ) separates points U .
Build a function f ∈ Y , such that f (x0 ) = f (y0 ) with arbitrary x0 , y0 ∈ U
and x0 = y0 . Then two fuzzy rules are chosen in the form:
Rj : IF x1 is Aj1 AND x2 is Aj2 ... AND xn is Ajn THEN
z is B j
as base fuzzy rule (M = 2).
Let x0 = (x01 , x02 , ..., x0n ) and y 0 = (y10 , y20 , ..., yn0 ). Se x0i = yi0 , two fuzzy sets
are defined (A1i , μA1i ) and (A2i , μA2i ) where
(xi − x0i )2
]
(14)
2
(xi − yi0 )2
μA2i (xi ) = exp[−
]
(15)
2
If x0i = yi0 , then A1i = A2i and μA1i = μA2i , hence only a fuzzy set is defined. Two
fuzzy sets are defined (Bi1 , μBi1 ) and (Bi2 , μBi2 ) where
μA1i (xi ) = exp[−

(z − z j )2
]
i
2
with j = 1, 2 and z j specified in the following. Hence all parameters have
defined except z j (j = 1, 2), then a function f , in the FBFN form, has
defined, with M = 2 and μAj specified before. With such f we have:
i
n
1
2
z +z
exp[−(x0i − yi0 )2 /2]
n i=1
f (x0 ) =
= αz 1 + (1 − α)z 2
1 + i=1 exp[−(x0i − yi0 )2 /2]
n
z 2 + z 1 i=1 exp[−(x0i − yi0 )2 /2]
0
n
f (y ) =
= αz 2 + (1 − α)z 1
1 + i=1 exp[−(x0i − yi0 )2 /2]
μB j (z) = exp[−

(16)
been
been

(17)
(18)

where
α=

1+

1
0
0 2
i=1 exp[−(xi − yi ) /2]

n

(19)

n
Given that x0 = y 0 , it must exist some i such that x0i = yi0 , so that i=1 exp[−(x0i −
yi0 )2 /2] = 1, or α = 1 − α. If z 1 = 0 and z 2 = 1, then f (x0 ) = 1 − α = α = f (y 0 ).
Hence (Y, d∞ ) separates all points in U .
(Y, d∞ ) in not null for any point in U , just choosing all the z j > 0 with
j = 1, 2, .., M , i.e. every f ∈ Y with z j > 0 can be used as the requested f .

4

F-GNN: Training Algorithm

Before introducing F-GNN training algorithm, we have to show how a neurofuzzy system and a FBFN in particular can be trained:
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1. If aji , mji and σij are free parameters, then the FBFN is non-linear and an
optimization technique like backpropagation has to be used.
2. If all the parameters in pj (x) are given and the only free parameter is θj ,
then f (x) is linear and the orthogonal least-squares (OLS)[14] algorithm can
be used.
In particular in the second case, Gram-Schmidt OLS algorithm is employed,
which can be determine automatically the number of signiﬁcant FBFs. This
algorithm is a hybrid learning method because other than the number of the
most signiﬁcant FBFs, it can compute the relative parameters.
4.1

FBFN Backpropagation Algorithm

In the most general case, where optimization has to be performed with respect
to all the parameters, backpropagation algorithm is adopted for FBFN[15]. In
particular FBFN has to be continuous diﬀerentiable with respect to parameters
m, σ, θ, where m and σ represent mean and variance of the Gaussian membership
function and θ represents the weight associated with each fuzzy basis function.
Diﬀerentiability conditions are ensured by use of Gaussian membership function, because it is continuous diﬀerentiable with respect to both m and σ, hence
FBFN is diﬀerentiable too with respect to the same parameters and also with
respect to states x. For parameter θ, FBFN compact form
f (x) =

M


pj (x)θj

(20)

j=1

shows that f is diﬀerentiable with respect to θ.
Given a pair (xP , dP ), xP ∈ U ⊂ Rn and dP ∈ R, we want to minimize
1
[f (xP ) − dP ]2
(21)
2
where f is a FBFN. If we consider e, f, d as eP , f (xP ), dP , respectively, we have:
eP =

1. To modify z j it is used:
z j (k + 1) = z j (k) − α

∂e j
|z = z j (k)
∂z j

(22)

where j = 1, ..., M and k = 0, 1, 2, ... and α is the learning rate. Because
f and hence e depend on z j only through a, where f = a/b with a =
M
M j
n
j j
j
P
j=1 (z y ) and b =
j=1 y and y =
i=1 μAji (xi ), using the chain rule
we have:
∂e
∂f ∂a
1
= (f − d)
= (f − d) y j
(23)
∂a ∂z j
b
∂z j
from which:
f −d j
y
z j (k + 1) = z j (k) − α
(24)
b
where j = 1, ..., M e k = 0, 1, 2, ...
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2. To modify xji it is used:
xji (k + 1) = xji (k) − α

∂e
∂xji

|xji = xji (k)

(25)

where i = 1, 2, ..., n, j = 1, 2, ..., M and k = 0, 1, 2, .... Because f and hence
e depend on xji only through y j , using the chain rule we have:
∂e
∂xji

= (f − d)

j
z j − f j xP
∂f ∂y j
i − xi
y
=
(f
−
d)
∂y j ∂xji
b
σij2

(26)

xP − xj (k)
f −d j
(z − f )y j i j2 i
b
σi (k)

(27)

from which:
xji (k + 1) = xji (k) − α

where j = 1, ..., M e k = 0, 1, 2, ...
3. Using the same method, we have the following update of parameter σij :
σij (k + 1) = σij (k) − α
= σij (k) − α

∂e
∂σij

|σij = σij (k)

(xP − xj (k))2
f −d j
(z − f )y j i j3 i
b
σi (k)

(28)

where j = 1, ..., M and k = 0, 1, 2, ...
Based on such considerations, F-GNN learning algorithm see F as a stacked
version of the FBFNs which implement f -units, G is the stacked version of the
FBFNs which implement g-units and vector w contains free parameters to be
modiﬁed (mean and variance of the membership functions and weights associated
with each FBF).
To obtain a fast convergence of the algorithm, it is important to initialize parameters with values consistent with input data, rather than random. Mean and
variance of the nodes label membership functions and of the edges labels membership functions can be computed as sampled mean and variance (or by using
a clustering algorithm) because these data are part of the input data. On the
contrary, parameters of the states membership functions cannot be computed
Algorithm 1. F-GNN Training algorithm
1:
2:
3:
4:
5:
6:
7:

x = FORWARD-1ST(w)
repeat
∂ew
=BACKWARD(x,w)
∂w
w
w = w - λ · ∂e
∂w
x = FORWARD(w);
until stop criterion is reached
return w
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previously and hence it is necessary, during operation of FORWARD-1st function, to apply a clustering algorithm or to compute sampled mean and variance
of the produced states.
Next, the output node states are ﬁrst computed (by FORWARD step) and
then computes the gradient (by BACKWARD step).
Once all parameters have been updated, a new FORWARD step is performed,
until the desired accuracy is reached.

5

Conclusion

The aim of the proposed research is the theoretic deﬁnition of a neuro-fuzzy
model for structured data. The model employs neural nets to capture information
contained in each node of a graph as well as the information contained at each
adjacent node. This allows to produce a new state, that is a concept deﬁned by a
node and its adjacent nodes. Motivations behind the study of the proposed model
relies on the consideration that a concept can be expressed more eﬀectively in
terms of natural language rather than with numeric values. This aspect imposes
the use of a logic that could handle linguistic terms in the framework of a numeric
model. The chosen logic is the one that more then the others has contributed to
bring “human experience” into expert systems: fuzzy logic.
Although fuzzy logic is often used in static system, the challenge for many
researchers has been that of introducing it into dynamic systems, like neural nets,
which has lead to a new ﬁeld of computer science: neural fuzzy systems. This is
particularly demanded when the data are too complex, incomplete and, as the
topic of the present paper, are characterized by an inner structure. Synergy of
systems based on fuzzy logic and neural nets to deal structured data aims to put
together two complementary techniques, so to get the best from both of them.
This synergy is mainly required in many application ﬁelds where structured data
play a fundamental role, like bioinformatics and computer vision.
The reported model is in this direction and extends in the fuzzy framework
recent works on this subject. In the reported model, named by us F-GNN, nodes
and edges labels (which represents an event) are fuzzy data as well as fuzzy
results the state computation. A remarkable result is presented for the proposed
model in that it is a universal approximator. A learning algorithm based on the
FBFN backpropagation is also sketched to handle structured data.
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