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Abstract. The development of learning algorithms for structured data,
i.e. data that cannot be represented by numerical vectors, is a relevant
challenge in machine learning. Kernel Methods, which is a leading machine learning technology for vectorial data, recently tackled the structured data. In this paper we focus our attention on Kernel Methods that
face up to data that can be represented by means of graphs, by providing an in-depth review through a comprehensive approach to the research
hints and the main open problems in this area of research.

1

Introduction

Machine learning methods generally work on ﬁxed-length vectorial data. However, in real world applications we can deal with data that cannot be represented
by vectorial data but by structures. These types of data are called structured
data. Examples of structured data are molecular formulae and images when represented by hierarchical structures. For instance, an image can be segmented into
regions than may be recursively segmented into several sub-regions resulting in
a hierarchical tree structure. Several supervised and unsupervised neural network models for structured data, such as trees and graphs, have been proposed
[1,2]. Recently Kernel Methods [3] for structured data [4] have been developed.
In this manuscript we will focus our attention on Kernel Methods that tackle
structured data, i.e. data that can be represented by means of graphs. We shall
provide a comprehensive framework that allows to apply the main Kernel Methods for graphs to various applications, like bioinformatics (e.g. molecular data
mining, chemogenomics, etc.) and computer vision (e.g. 3D object structural
recognition, spatio-temporal data mining, etc.). The paper is organized as follows: In Section 2 main facts on labelled graphs are recalled; the general issues
of Kernel Methods are reviewed in Section 3; Product Graph Kernel is presented in Section 4; Marginalized Kernels and its extensions are described in
Section 5; Cyclic Pattern Kernels for Graphs are discussed in Section 6, respectively; ﬁnally some research hints and the main open problems are discussed in
Sections 7 and 8.
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Labelled Graphs

A graph G is described by a ﬁnite set of vertices V = {v1 , . . . , vn }, a ﬁnite set of
edges E = {e1 , . . . , ep ) ⊆ V × V and a function Ψ : E → V × V . A labelled graph
is a tuple (V, E, Λ, λ) where Λ = (l1 , . . . , lr ) is a set of labels and λ : Λ → V ∪ E
is a function which assigns a label to each edge and vertex. In a directed graph
the function Ψ maps each edge to the tuple composed of its initial and terminal
node. A loop is an edge e in a directed graph such that ψ(e) = (v, v). Two
edges e1 and e2 are parallel iﬀ Ψ (e1 ) = Ψ (e2 ). A walk is a sequence of vertices
vi ∈ V and ei ∈ E with w = v1 , e1 , v2 , e2 , . . . , vn , en , vn+1 and Ψ (ei ) = (vi , vi+1 ).
The length of the walk is given by the number n of edges in the sequence.
A path is a walk such that vi = vj ⇐⇒ i = j and ei = ej ⇐⇒ i = j. A
cycle is a path with an edge en+1 such that Ψ (en+1 ) = (vn+1 , vn ). A graph
is connected if a path exists between any couple of vertices. To describe the
neighborhood of a vertex v in a graph G we need some further deﬁnitions. The
set δ + (v) = {e ∈ E|Ψ (e) = (v, u)} denotes the set whose elements come out from
the edge v. Its cardinality |δ + (v)| is called the outdegree of the vertex v. In similar
way, the set δ − (v) = {e ∈ E|Ψ (e) = (u, v)} deﬁnes the set whose elements come
into the vertex v. The cardinality |δ − (v)| is called the indegree of the vertex
v. The maximal and the minimal indegree are Δ− (G) = max{|δ − (v)|, v ∈ V }
and Δ− (G) = max{|δ + (v)|, v ∈ V }, respectively. To represent a graph we use
the adjacency matrix E, where Eij of the matrix provides the number of edges
n
of the nth power of the adjacency
between vertex vi and vj . The element Eij
n
matrix E gives the number of walks of length n from the vertex vi and vj .
Now we introduce the concept of labelled subgraph. Let G = (V, E, Λ, λ) and
G = (V  , E  , Λ, λ ) be two labelled graphs. G is a labelled subgraph of G if
V  ⊆ V , E  ⊆ E and λ (x) = λ(x) for all x ∈ V  ∪ E  . A maximal connected
subgraph of the graph G is called a connected component of G. A vertex v of
a graph G is called a cut vertex if the subgraph G obtained from G removing
v and all edges that comes into or comes out the vertex v has more connected
components than G. A graph is biconnected if has no cut vertex. A biconnected
maximal subgraph of a graph G is called a biconnected component of a graph
G. The biconnected components of a graph are pairwise edge disjoint inducing
a partition on the set E of the graph G. The partition implies that two edges
are equivalent iﬀ they belong to a common cycle. Therefore an edge of a graph
belongs to a cycle iﬀ the biconnected components of the graph have more than
one edge. Edges that do not belong to cycles are called bridges. The set of the
bridges of a graph G forms a subgraph of G denoted by B(G).

3

Kernel Methods

Firstly we recall the deﬁnition of Mercer kernel (or positive deﬁnite kernel ) [5].
Deﬁnition 1. Let X be a nonempty set.
A function
n K : X × X → R is called
n
a Mercer kernel if it is symmetric and
j=1
k=1 cj ck K(xj , xk ) ≥ 0 for all
n ≥ 2, {x1 , . . . , xn } ⊆ X and {c1 , . . ., cn } ⊆ R. Each Mercer kernel K can

664

F. Camastra and A. Petrosino

be represented as: K(x, y) = Φ(x), Φ(y) where ·, · is the inner product and
Φ : X → F . F is called the Feature Space.
The simplest example of the Mercer kernel is the inner product K(x, y) = x, y .
x−y2

A popular Mercer kernel is the Gaussian K(x, y) = e− σ2 , where σ ∈ R. An
important Mercer kernel for the rest of the paper is the Dirac kernel δ(x, y), that
is 1 if x = y and 0 otherwise. Mercer kernels can also be deﬁned on structured
data. An example of Mercer kernel on structured data is the intersection kernel
between sets [3].
Deﬁnition 2. Let IA be the indicator function of a measurable set A (i.e IA (x) =
1 if x ∈ A, IA (x) = 0 otherwise). The indicator function deﬁnes the measure μ of
the set A such as μ(A) = μ(IA ). Given two sets A1 and A2 the intersection kernel
K∩ is deﬁned by: K∩ (A1 , A2 ) = μ(A1 ∩ A2 ).
Kernel Methods [3] are algorithms that implicitly perform, by replacing the inner
product by an appropriate Mercer Kernel, a nonlinear mapping of the input data
to a high dimensional Feature Space. The most popular Kernel Method is the Support Vector Machine (SVM) [3]. In Kernel Methods the data only occur under the
form of an appropriate Mercer kernel input. Therefore they can also be used for
structured data whenever it is possible to deﬁne a Mercer kernel on them. Hence
the research on Kernel Methods for structured data results in designing appropriate Mercer kernels on them. The rest of the paper is focused on the description of
the main Mercer kernels that it is possible to deﬁne on graphs.

4

Product Graph Kernel

In this section we review the Product Graph Kernel [6] that is based on the
idea of counting the number of walks in product graphs. Product graphs can be
deﬁned in several ways. In this context we will only consider the direct product
of two labelled graphs, that is deﬁned as follows.
Deﬁnition 3. The direct product of two labelled graphs G1 = (V1 , E1 , Λ, λ1 ) and
G2 = (V2 , E2 , Λ, λ2 ) is denoted by G1 × G2 . The vertex set of the direct product
is deﬁned as: V (G1 × G2 ) = {(v1 , v2 ) ∈ V1 × V2 : δ(λ1 (v1 ), λ2 (v2 )) = 1}. The
edge set is deﬁned as:
E(G1 × G2 ) = {(e1 , e2 ) ∈ E1 × E2 : ∃(u1 , u2 ), (v1 , v2 ) ∈ V (G1 × G2 )
∧ Ψ1 (e1 ) = (u1 , v1 ) ∧ Ψ2 (e2 ) = (u2 , v2 )
∧ (δ(λ1 (e1 ), λ2 (e2 )) = 1)},
where δ(·) is the Dirac Kernel. Given an edge (e1 , e2 ) ∈ E(G1 ×G2 ) with Ψ1 (e1 ) =
(u1 , v1 ) and Ψ2 (e2 ) = (u2 , v2 ) the value of ΨG1 ×G2 is:
ΨG1 ×G2 ((e1 , e2 )) = ((u1 , u2 ), (v1 , v2 )).
The label of the vertices and edges in graph G1 × G2 correspond to the labels in
the factors. The graphs G1 , G2 are called the factors of graph G1 × G2 .
Now we can deﬁne the product graph kernel.
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Deﬁnition 4. Let G1 , G2 be two labelled graphs, let A× = A(G1 × G2 ) be the
adjacency matrix of their direct product and let V× = V (G1 ×G2 ) be the vertex set
of the direct product. With a sequence of weights λ = λ0 , λ1 , . . . (where λi ∈ R+ )

|V× | ∞
n
the product graph kernel is deﬁned as K× (G1 , G2 ) = i,j=1
n=0 λn A× ij .
The product graph kernel, that is a Mercer kernel [6], in conjunction with Gaussian Processes [7] has been used to determinate an optimal strategy for the play
Tetris [8]. Now we show how the product graph kernel can be computed. Firstly,
we discuss the exponential setting [9], i.e. we set λi = βi!i . The exponential of
i

0
with β0! = 1 and
the square matrix A is deﬁned as: eβA = limn→∞ ni=0 (βA)
i!
A0 = I, where I denotes the identity matrix and β is a constant that must
be set up. If we represent the matrix A in terms of a diagonal matrix D, i.e.
|V× |  −1 βD× 
T e
A = T −1 DT , we obtain: K× (G1 , G2 ) = i,j=1
T ij . The product direct
can also be computed by the geometric series.
geometric series
∞ kernel
∞ The
1
i
i
γ
converges
iﬀ
|γ|
<
1
and
its
limit
is
given
by:
γ
=
. In similar
i=0
i=1
1−γ
∞ i i
way we can deﬁne the geometric series of a matrix A as follows: i=0 γ A . If
the 
matrix A is symmetric and γ < 1, the limit of the geometric series is given
∞
by: i=0 γ i Ai = (I−A)−1 . Hence the product graph kernel by geometrical series
|V× |
is: K× (G1 , G2 ) = i,j=1
[(I − A× )−1 ]ij .

5

Marginalized Graph Kernel

In this section we will describe the marginalized graph kernel [10]. Given two
labelled graphs G1 and G2 , the idea behind marginalized graph kernel consists in
comparing the label sequences generated by the two synchronized random walks
of both graphs. Let G = (V, E, Λ, λ) be a labelled graph, where V = (v1 , . . . , vn )
and E = (e1 , . . . , ep ) are the sets of vertices and edges, respectively. A random
walk on the graph produces a path, that depends on the initial probability Ps (v)
distribution on V , a transition probability P (vi |vi−1 ) from the vertex vi−1 to the
vertex vi , and the probability Pq (v ) of stopping the random walk at vertex . If
we do not use prior knowledge, Ps (v) is a uniform distribution, P (vi |vi−1 ) is a
uniform distribution over all adjacent vertices of the actual one, and Pq (v ) is a
constant equal to n1 . From a given path obtained from the random walk, we can
deﬁne the label sequence as an alternative sequence of vertex and edge labels,
i.e. h = (v1 , e1,2 , v2 , . . . , v−1 , e−1, , v ). The marginalized graph kernel between
two labelled graphs G1 = (V1 , E1 , Λ, λ1 ) and G2 = (V2 , E2 , Λ, λ2 ) is deﬁned as
the expectation of the kernel between sequences K(h1 , h2 ) over all possible paths
of all lengths:

K(G1 , G2 ) =
Kλ (l(h1 ), l(h2 ))p1 (h1 )p2 (h2 ),
(1)
h

h

where p1 and p2 are probability distributions on the set of ﬁnite-length sequences
of the vertices of the graphs G1 and G2 , respectively and Kλ (·) is an appropriate
kernel between label sequences, i.e. Kλ : Λ × Λ → R, where Λ denotes the
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set of ﬁnite-length sequence of labels of Λ. The marginalized graph kernel can
be interpreted as a marginalized kernel [11], motivating the name and guaranteeing that is a Mercer kernel. Kashima et al. [10] have investigated a particular
case of the marginalized graph kernel when the Kλ is the Dirac kernel and the
probability p of the equation (1) can be expressed as:
p(v1 , . . . , vn ) = ps (v1 )

n


pt (vi |vi−1 ).

(2)

i=2


To guarantee that p is a probability, i.e. v∈V p(v) = 1, it is necessary that
some ps and pt fulﬁll some constraints. If we choose
– a stopping probability pq (with 0 < pq (v) < 1) for
 each vertex v,
– an initial probability distribution p0 (such that
v∈V p0 (v) = 1),

– a transition probability pa on V × V (with v∈V pa (u|v) = 1) such that if
pa (v|u) > 0 then (u, v) ∈ E, i.e. pa (v|u) is positive only when an edge exists,
1−pq (v)
pa (u|v)pq (u);
– and for any u, v ∈ V 2 ps (v) = p0 (v)pq (v) and pt (u|v) = pq (v)
then p, deﬁned in (2), is a probability distribution that corresponds to a random
walk on the graph G with an initial, transition and stopping probability deﬁned
by p0 , pa and ps , respectively.
Marginalized graph kernel has two main drawbacks. The former consists in
its computational burden. Therefore its usage is not advisable when the data
set contains several thousands of graphs, as it generally happens in bioinformatics applications The latter is represented by the strategy implemented in the
marginalized graph kernel. The kernel is based on the search of common paths
between graphs which may be too simple to detect common patterns of interest
between graphs. To overcome these limitations, extensions of marginalized graph
kernel [12] have been proposed. They increase the degree of the speciﬁcity of the
label vertices of the graph, taking into account contextual information about the
vertices.

6

Cyclic Pattern Kernels for Graphs

In this section we describe the cyclic pattern kernels for graphs (CPKs) [13], that
are based on the intersection kernel between sets. To use the intersection kernel
on graphs, each graph G is represented by a set of cycles and tree patterns of G.
Let G = (V, E, Σ, λ) be a graph and C = {v0 , v1 }, {v1 , v2 }, . . . , {vk−1 , v0 } be a
sequence of k − 1 edges that forms a cycle in G. The canonical representation of
C is deﬁned as follows. If we denote by ρ(s) the set of cyclic permutations of a
sequence s and its reverse, the canonical representation π(C) [14] is deﬁned by:
π(C) = min(σ(w) : w ∈ ρ(v0 v1 . . . vk−1 ))
where for w = w0 w1 . . . wk−1
σ(w) = λ(w0 )λ({w0 , w1 })λ(w1 ) . . . λ(wk−1 )λ({wk−1 , w0 }).
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The set of cyclic patterns C(G) of a graph G is deﬁned by:
C(G) = {π(C) : C ∈ S(G)}
where S(G) denote the set of cycles of G. More information can be added to the
kernel considering the set of the bridges of the graph. The set of tree patterns
T (G) assigned to graph G is deﬁned by:
T (G) = {π(T ) : T is a connected component of B(G)}
where B(G) is the set of the bridges of the graph G. Assuming that C(G) and
T (G) are disjoint, the cyclic pattern kernel is deﬁned as follows:
Deﬁnition 5. Let G be a graph, the set F (G) is deﬁned as C(G) ∩ T (G). The
cyclic pattern kernels between two graphs G1 and G2 is given by:
KCP (G1 , G2 ) = |C(G1 ) ∩ C(G2 )| + |T (G1 ) ∩ T (G2 )|.
CPKs can be computed by the algorithm [13], whose input and output are
respectively a graph G and the set of cycles S, described below:
1.
2.
3.
4.
5.
6.

S=B= 
Compute the set Γ formed by the biconnected components of G
for G ∈ Γ do
if G has one edge e then B = B ∪ e else S = S ∪ C(G )
S = S ∪ {π(t) : t is a connected component of B.}
return S

The biconnected components can be eﬀectively computed by a depth-ﬁrst search
algorithm in a linear time [15]. Nevertheless, the computation of CPKs is NPhard [13] mining, in this way, their real utility. To overcome the problem of
intractability, Horvath et al. [13] proposed a restriction of CPKs. They observed
that the simple cycles of a graph G can be computed with polynomial complexity
[16]. Besides, for a given graph G and a k ≥ 0, it can decide [16] if the number
of cycles in G is bounded by k. Using these facts, Horvath et al. [13] proposed to
restrict the kernel to the case when the number of simple cycles is bounded by a
constant for every graph in the database. This assumption is quite reasonable in
real-world graph databases. They proposed a variant of the previous algorithm
[13] that computes the cyclic pattern kernels only for graphs that have at most
k simple cycles. The variant, that takes as input a graph G with n vertices and
m edges and an integer k ∈ N and produces as output the set of cycles S, has
the following steps:
1.
2.
3.
4.
5.
6.

K =0
S=B=
Compute the set Γ formed by the biconnected components of G
for G ∈ Γ do
if G has more than one edge e then
X =READ-TARJAN(G , k − K + 1)
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7.
if |X| is equal to k − K + 1 then return 
8.
else
9.
S = S ∪ {p(C) : C ∈ X}
10.
K = K + |X|
11.
else B = B ∪ e
12. S = S ∪ {π(t) : t is a connected component of B.}
13. return S
where READ-TARJAN is a procedure that implements the Read-Tarjan’s algorithm that allows to decide if the number of cycles in a graph G is bounded by
k. SVMs with cyclic pattern kernels have been used eﬀectively [13] on NCI-HIV
database, a popular benchmark for the classiﬁcation of chemical compounds.

7

The Kernel Approach

In this section we summarize the main peculiarities of Kernel Methods and we
discuss the possible line of research. The main advantage of the kernel approach
is its ﬂexibility. The kernel methods approach for graphs results in designing an
appropriate Mercer kernels on them. Computed the kernel, it can be used, without requiring further adjustments, in usual Kernel Methods for vectorial data.
This allows to use the designed kernel either in supervised (e.g. SVMs, Gaussian
Processes [7]) or in unsupervised Kernel Methods (e.g. Kernel Clustering Methods [17]). Although Kernel Methods for Graphs have been only investigated in
their supervised form, Kernel Clustering Methods for graphs oﬀer several potential advantages with respect to the unsupervised neural learning algorithms for
graphs such as the SOM for structured data [2]. SOM can only produce piecewise
linear separations among clusters. On the contrary, Kernel Clustering methods
produce nonlinear separations allowing to tackle more highly nonlinear data sets.
Therefore a challenging goal for Kernel Methods is represented by developing and
validating Kernel Clustering Methods for graphs. Kernel Clustering Methods are
not the unique algorithms able to produce nonlinear separations among clusters.
Nonlinear separations can also be obtained by Spectral Clustering Methods [17].
The development of spectral clustering methods for graphs and, in general, for
structured data remains an open problem.

8

Conclusion

The development of eﬀective learning algorithms for structured data, i.e. data
that cannot be represented by vectors, is one of the most challenging topic for
machine learning. Recently Kernel Methods have tackled the structured data
getting new force on the research about structured data. In this paper we have
focused our attention on Kernel Methods that cope with data that can be represented by graphs. The aim of this paper has been to provide a comprehensive
approach to discuss about the main Kernel Methods for graphs. One of the main
challenging goals of Kernel Methods of graphs consists in extending the validation of these techniques, widely applied in bioinformatics and chemioinformatics,
to other applicative areas such as computer vision applications.
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