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Abstract: The Principal Component Analysis (PCA) is applied to a set of astronomic data to obtain a separation between variations of
luminosity and noisy fluctuations. A clustering with the Mixture of Gaussians method, performed in the principal subspace, allows us to
classify the data according to the features of interest. Our results are compared with those obtained by the AGAPE (Andromeda Galaxy
and Amplified Pixels Experiment) collaboration.
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1. Introduction
Einstein’s theory of general relativity provides for light
deflection by gravitational field. This has the consequence
that the image of the light source becomes split or deformed
due to the presence of a gravitational mass (lens) between
the source and the observer. In general, the images of the
light source are multiple (standard gravitational lensing);
when the angular separation is very small so that the images
cannot be resolved, we speak of microlensing [1,2].
Many collaborations (EROS [3], OGLE [4]], MACHO
[5,6], DUO [7], AGAPE [8,9], Columbia/VATT [10]) are
involved in microlensing, because it is a powerful method
to detect dark matter present in the universe: when a
compact object with substellar mass passes near the line of
sight of a star, the luminosity of this star will be varied. So,
the analysis of luminosity variations in astronomical images
is an important topic, and it requires the implementation
of computational techniques which need be fast and accurate.
In particular, a new technique, the so-called pixel lensing,
has been proposed [11–14] for the study of microlensing
events. The essence of this technique is to register the
luminosity of a whole group of stars on a single pixel
element of a CCD camera. Within this framework, the
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availability to distinguish luminosity variations due to a
physical event from noisy fluctuations is in high demand in
real time astronomical data analysis.
The aim of this paper is to present a neural networkbased method to perform a pre-selection of ‘interesting’
pixels, i.e. pixels whose luminosity variation could be related
to physical events, and not to a noisy fluctuation. The
method proposed combines the Principal Component Analysis (PCA) [15,16] of the luminosity temporal series, which
are commonly unevenly sampled and are characterised by a
low signal-to-noise ratio, and clustering realised by the Mixtures of Gaussians (MOG) technique [15]. Specifically, the
clustering is applied in the principal subspace obtained by
the PCA analysis. This strategy makes us able to classify the
data according to the features we are interested in. In
particular, from the analysis of the eigenvalues spectrum, we
note that the dominant structure is determined by the first
four eigenvectors. Of these, the first one is not useful to
reach our aim, being related to variations of luminosity
present in the data essentially due to resolved stars, i.e. stars
which sharply emerge from the luminosity background1. On
the contrary, the other three eigenvectors allow a fine separation of the interesting luminosity variations from noise.
This method is applied to a set of pixel-lensing data
toward M31, taken at the MDM observatory, in order to

1

The resolved stars are characterised in luminosity, magnitude and colour
with respect to the background.

16

M. Funaro et al.

do a comparison with the results obtained by the AGAPE
[8,9] collaboration. We show that our approach has the
same efficiency as the AGAPE method for the pre-selection
of interesting pixels.

2. METHOD DESCRIPTION
It is our aim to uncover as much as possible about the
unknown state st of the generator system (the sky) from the
observations which have been made through a measurement
function Xt ⫽ X(st) (measurement of luminosity) which is
typically affected by noise [17,18]. We cannot invert the
measurement function, but we can use the observations of
the system, made at different times, to construct vectors
with the same information content as the original system
state st, or at least with a sufficient information content
about what we are interested in the physical system. We
associate to each pixel of CCD images a d-dimensional
vector xi(t) containing the measurements of luminosity of
the pixel i in the temporal window. Then, to extract the
most relevant features present in our data, we apply the
PCA. Finally, we use the Mixture of Gaussians algorithm to
classify the data according to the features we are interested
in.
2.1. Principal Component Analysis

A common problem in statistical pattern recognition is that
of feature selection or feature extraction. Feature selection
refers to a process whereby a data space is transformed into
a feature space. The transformation could be designed in
such a way that the data set may be represented by a
reduced number of effective features. In other words, given
a data set of d-dimensional vectors xi, we want to characterise them using p numbers, where p ⬍ d, preserving as much
of the relevant information as possible. Each d-dimensional
vector can be written as a linear combination of d orthonormal vectors, or as a smaller number of orthonormal vectors
plus a residual error. PCA selects the orthonormal basis
which minimises the residual error average, or equivalently,
which maximises the variance [15,16].
The standard method to perform Principal Component
Analysis consists of the eigendecomposition of the covariance
matrix of the vector data xi and the projection of the data,
orthogonally, onto the subspace spanned by the eigenvectors
belonging to the dominant eigenvalues (principal
components). So, we reduce the number of features needed
for effective data representation. This method of representation is commonly referred to as subspace decomposition.
The number of operations necessary to compute the
covariance matrix is O(Nd2), where N is the number of ddimensional data vectors. The cost of the direct diagonalisation of the d ⫻ d covariance matrix is O(d3) .
Difficulties can arise in the form of computational complexity when N or d are in the order of several thousand.
In this case, to compute the principal directions it is better to
use the EM algorithm (Expectation Maximisation), because it
does not require us to compute the covariance matrix, and

has a complexity limited by O(kNd) operations, where k is
the number of leading eigenvectors to be learned. Moreover,
the EM algorithm for PCA [19–21], compared to the standard PCA, defines a proper probability model in the space
of inputs, and allows an on-line analysis: new data can be
added to the model efficiently without repeating the calculus
of the covariance matrix.
To understand how the EM algorithm works for the
selection of the principal components, consider linear Gaussian models, according to which, a d-dimensional variable y
can be produced as a linear transformation of some kdimensional latent variable x plus a d-dimensional Gaussian
noise variable v (k ⱕ d), i.e.:
y ⫽ Cx ⫹ v x 苲ᏺ(0, I)2 v苲ᏺ(0, R).

(1)

where C (d ⫻ k) denotes the transformation matrix. The
variables x are assumed to be independent and identically
distributed according to a Gaussian distribution with zero
mean value and unit variance. Also, v are independent
and normally distributed with zero mean and covariance
matrix R.
Considering that the sum of two independent Gaussian
distributed quantities is also Gaussian distributed, we have
y苲ᏺ(0, CCT ⫹ R)

(2)

The EM algorithm is realised in two steps: the E-step and
the M-step.
The problem of state inference is resolved in the E-step.
Given fixed model parameters C and R, we are interested
in the posterior probability P(x兩y) over a single hidden space,
given the corresponding single observation. This can be
computed with the help of Bayes’ theorem, taking into
account Eqs (1) and (2), and considering that the multiplication of Gaussian distributions is also a Gaussian, although
not normalised:
P(x兩y) ⫽
⫽

P(y兩x)P(x)
P(y)
ᏺ(Cx,R)兩yᏺ(0,I)兩x
⫽ ᏺ(␤y,I ⫺ ␤C)兩x
ᏺ(0,CCT ⫹ R)兩y

(3)

where ␤ ⫽ CT (CCT ⫹ R)⫺1.
The M-step consists of the learning (i.e. in the identification of matrices C and R that maximise, in the presence
of hidden states, the likelihood of the observed data given
by P(y) ⫽ 兰P(x,y)dx, where P(x,y) is the joint probability
(P(x,y) ⫽ P(y兩x)P(x)).)
PCA is a limiting case of the linear-Gaussian model as
the covariance of the noise v becomes infinitesimally small
and equal in all directions. Mathematically, PCA is obtained
by taking into account the limit R ⫽ lim苸→0⑀I. This oper-
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The symbol 苲 means ‘distributed according to’. A multivariate normal
(Gaussian) distribution with mean  and covariance matrix Σ is written as
ᏺ(, Σ), and its expression is

ᏺ(,⌺) ⫽

再

1
1
exp ⫺ (x ⫺ )T ⌺⫺1(x ⫺ )
(2)k/2(det(⌺))1/2
2

冎
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ation makes it likely that a point y will be dominated solely
by the squared distance between it and its reconstruction Cx.
In this case, using the Bayes’ theorem, it is possible to
prove that the E-step reduces to:

冉

P(x兩y) ⫽ ␦ x ⫺ (CTC)⫺1CTy

冊

(4)

As consequence, the posterior over states collapses to a
single point:
X ⫽ (CTC)⫺1CTY

(5)

due to the infinitesimal value of noise.
Given X obtained in the E-step, and with the aim of
maximising the likelihood of the observed data, we obtain
a new estimate for the model parameters:
Cnew ⫽ YXT (XXT)⫺1

(6)

where Y is a d ⫻ N matrix of all the observed data, and
X is a k ⫻ N matrix of the unknown states. The columns
of C span the space of the first k principal components.
This algorithm can be performed online giving only a
single data-point at a time; this is a big advantage in
this pixel lensing preselection application, since new data,
registered by the telescopes, are continuously collected. For
each new data point we do not need to restart the procedure
for all the data points, as in standard batch PCA algorithms,
but simply to iterate the adaptive online algorithm.
2.2. Clustering Algorithms: Mixture Models

In the following, to obtain the pdf of our data, we will use
a method called the Mixture of Gaussians (MOG) [15].
Mixture models are semi-parametric techniques that combine the advantages of both parametric methods (such as
Gaussian distribution) and non-parametric techniques (such
as k-means). In fact, they are not restricted to specific
functional forms, and their complexity does not grow with
the size of the data set, but only with the complexity of the
problem being solved. The price to be paid is the setting
up of the model using the data set (i.e. the training of the
model), which is computationally intensive compared with
the simple procedure needed for parametric or non-parametric methods.
In mixture models, the density function can be written
as a linear combination of M basis functions3 in the form

冘
M

p(x) ⫽

p(x兩j)P(j)

(7)

j⫽1

The coefficients P(j) are called the mixing parameters.
They represent the prior probability that the data point x
has been generated from component j of the mixture (j
⫽ 1,%,M).
The component density functions are class-conditional
densities, normalised so that

3

In our problem, M represents the number of classes into which we want
to subdivide our data distribution.

冕

p(x兩j)dx ⫽ 1
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(8)

Using Bayes’ theorem, the posterior probability that the
jth component is responsible for generating the data point
x is
P(j兩x) ⫽

p(x兩j)P(j)
p(x)

(9)

Particular mixture models are ‘Gaussian mixture models’,
where the individual component densities are given by Gaussian distribution functions.
Assuming that each Gaussian has a covariance matrix
which is some scalar multiple of the identity matrix, so that
Σj ⫽ 2j I, we have:
p(x兩j) ⫽

再

1
储x ⫺ xj储2
exp
⫺
(2)d/2j
22j

冎

(10)

Model parameters (P(j), xj, j) can be determined using
the EM algorithm. For each data point xn (n ⫽ 1,%,N), a
variable zn is introduced as an integer in the range (1, M)
specifying which component of the mixture has generated
the data point. We guess some value for the parameters of
the mixture model, and we use these, together with Bayes’
theorem, to find the probability distribution of the {zn}. We
then compute the expectation of the negative log-likelihood,
given by E ⫽ ⫺

冘

N

ln p(xn,zn). This is the E-step. The

n⫽1

new parameter values are found by maximising the likelihood, or by minimising the expected error, with respect to
the parameters (M-step). The two steps are iterated during
training until the convergence is reached.

3. EXPERIMENTAL RESULTS
3.1. Data Structure Analysis

The data we have examined has been taken at the MDM
observatory with telescope McGraw-Hill and a CCD camera
of 2048 ⫻ 2048 pixels. This field has been divided into four
smaller fields of size 1100 ⫻ 1100 pixels. The origins of
these fields are (0,0), (948,0), (0,948), (948,948). The images,
taken at different times, have been already calibrated
(geometrical alignment, photometric alignment, seeing variations [8,13]) by the AGAPE collaboration, so that we can
directly test our method on the calibrated data.
To check the validity of our method, we have considered
windows of 101⫻101 pixels, randomly taken in each of the
four fields, and applied the PCA decomposition using both
the standard and the EM algorithms.
We report the experimental results obtained on one of
the areas examined (fourth field 100 ⱕ x ⱕ 200 and 100
ⱕ y ⱕ 200).
For each of the 10,201 pixels, we have 35 values of
luminosity, unevenly sampled on a period of 270 days. To
each pixel, we have associated a vector whose components
are the percentage variations of the 35 values of luminosity
with respect to their own mean value.
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After this preliminary operation, we applied the standard
PCA on the luminosity values matrix composed by 10,201
rows and 35 columns.
To understand which eigenvectors determine the dominant
structure of our data set, we have plotted the eigenvalues
i, i ⫽ 1,%,35 (Fig. 1). By analysing the plot, we understand
that the projection of the data set onto the first four
eigenvectors captures the effective features of the data,
because the eigenvalues related with the remaining eigenvectors are very small compared to the first four. This consideration is reinforced by the results we have obtained from the
calculus of the information content for each eigenvector.
We have found that the first eigenvector contributes to
51.5% of the information, the second eigenvector increases
the information by 12.2%, the third eigenvector is responsible for 10.9% of the information, the fourth eigenvector
gives a contribution of 6.6%, giving the information content
obtained in the first four eigenvalues as a total of 81.2%. If
we consider the fifth eigenvector, the information increases
by 2.4% only. This suggests we should use only the first
four eigenvectors.
Before analysing our data in terms of PCA, we report the
behaviour of the first four eigenvectors in Fig. 2. It is evident
that the components of the first eigenvectors (Fig. 2(a))
show large fluctuations around a constant value, while the
components of the other three eigenvectors (Figs 2(b–d))
show a regular increase or decrease, which could be related
to physical variation of the luminosity.
To better characterise the physical events in the feature
space, because of the lack of labelled real data, we have
introduced some vectors which simulate, respectively, Gaussian noise and variations of luminosity associated with significant astrophysical events, and we look at their projections
onto each of the first four eigenvectors.
Specifically, being interested in comparing our results with
those obtained by the AGAPE approach, we have taken as
the significant variation of luminosity the Paczynski curve
[1] (see Fig. 3). This is the curve which represents the
simplest lensing event.
In particular, we have simulated 90 Gaussian noisy curves,
90 Paczynski light curves centred on different values of the

Fig. 1. Eigenvalues spectrum: in abscissa the index of the ordered eigenvalues.

Fig. 2. Values of the first four eigenvectors against the observation
times.
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Fig. 3. The Paczynski curve. A massive object passing sufficiently
near the line of sight of a star induces a characteristic variation of
the star’s luminosity, acting as a lens. The Paczynski curve describes
the simplest microlensing event in which both the lens and the
source of light are considered point-like.

temporal axis and whose amplitude was taken in accordance
with the astrophysical data, and 90 other Paczynski light
curves to which we have added Gaussian noise.
We see that the simulated curves, either the Gaussian
noisy curves or the Paczynski curves, have projections onto
the first eigenvector around the zero value. This means that
the first eigenvector is not useful for selecting Paczynski
light curves from noise.
This becomes more evident by representing the data set
in the subspace spanned by the first and second eigenvectors.
There is (Fig. 4) an overlapping between Gaussian noisy
curves (yellow circles) and astrophysical signals (blue points
⫽ Paczynski light curves, red circles ⫽ Paczynski light curves
with Gaussian noise) onto the first eigenvector. This is a
further confirmation that the first eigenvector is not useful
to reach our target.
On the contrary, for the simulated Paczynski curves we
have found non-zero projection values onto the other three
eigenvectors, while the simulated noisy curves have projection values near to zero. This means that the second, third
and fourth eigenvectors select the interesting luminosity variations.

Fig. 4. Simulated and astrophysical light curves in the subspace
spanned by the first and second eigenvectors. The astrophysical data
with x ⬎ 0.1 are related to resolved stars.
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Then, we represented the data set in each of the three
subspaces spanned by the other three eigenvectors, taken
two by two. We always found a good separation between
the Gaussian noise and Paczynski curves (see, as an example,
Fig. 5). Thus, the second, third and fourth components
allow a separation between noise and signal variables.
Note that the method does not distinguish between blue
points (noiseless Paczynski) and red circles (noisy Paczynski)
(Fig. 5); this is an advantage, because it means that the
performance is robust against the simulated noise. This
property is useful considering that possible events will not
be described exactly by an analytic curve. In practice, luminosity values are characterised by error bars because of the
measurement process.
We conclude by mentioning that the standard PCA
approach and EM algorithm for PCA have been applied to
the data set; both methods have given similar results.
3.2. Clustering

The previous analysis has shown that interesting pixels are
those whose light curves correspond to vectors with large
values of the second, third and fourth components in the
feature space, while the background luminosity corresponds
to vectors with very small components.
To have a classification of data according to their intrinsic
features, we apply a clustering algorithm based on a Mixture
of Gaussians technique to the three-dimensional distribution
given by the projection values of the light curves onto the
second, third and fourth eigenvectors. The clustering algorithm gives a good performance with 15 classes. To each
class we assign a symbol with a different colour (cyan
crosses, blue circles, blue crosses, green circles, magenta
circles, red circles, yellow crosses, cyan circles, blue points,
magenta rhombi, red crosses, yellow crosses, black crosses,
cyan points, green rhombi).
In Fig. 6 we project the results coming from the threedimensional clustering into the plane spanned by the second
and third eigenvectors.

Fig. 5. Simulated and astrophysical light curves in the subspace
spanned by the second and third eigenvectors.
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Fig. 6. Projection of the clustering results in the plane spanned by
the second and third eigenvectors. Different symbols and colours
represent different classes.

To label the classes, the simulated vectors have been
treated like the vectors containing luminosity values, and so
it has been determined at which class of the mixture model
the simulated curves belong.
We have found Gaussian noisy curves in the internal
classes, indicated with green rhombi, black crosses, yellow
circles and cyan points (Fig. 6). These classes represent
78.9% of all data.
Simulated Paczynski curves belong to the classes indicated
with green, magenta, red, cyan circles, blue, cyan, yellow
crosses and blue points. These classes represent 14.0% of all
data. Each class is characterised by the position of the peaks
on the temporal axis. Finally, we checked (on a random
choice of pixels) that real light curves belong to the appropriate class.
In conclusion, the approach adopted allows us to select
the interesting light curves which belong to the classes sited
in the external part of the distribution, while noisy curves
belong to the classes placed in the internal region.
The pre-selection is very efficient; in fact 78.9% of the
data have been eliminated.

4. COMPARISON WITH THE AGAPE
APPROACH
The AGAPE collaboration [8,9] has developed a pixel lensing
technique based on the monitoring of pixel light curves in
order to find microlensing events in the analysis of pixel
lensing data. One of the steps of their approach is the
selection of interesting pixels, which is performed by choosing the pixels whose luminosity variation satisfies taskspecific requirements. The AGAPE approach calculates, for
each light curve, some quantities on which suitable cuts are
imposed. Their results are, however, greatly affected by the
cuts’ values.
On the contrary, we have developed an unsupervised
technique able to distinguish noise from significant variations

of luminosity without using any task-specific information.
We do not pre-determine any quantity, and so we do not
have the problem of choosing what cuts have to be imposed
on them. Furthermore, our approach classifies interesting
light curves according to their shape (in particular, according
to the position of the luminosity peak on the temporal
window).
In Fig. 7, we compare the results obtained with both
methods on the luminosity values of 10,201 pixels.
As we can deduce from the comparison between Fig. 7(a)
and Fig. 7(b), the pixels selected with the AGAPE approach
are those which belong to our interesting classes, i.e. classes
sited in the external part of Fig. 6.
We can see that our approach individualises some more
clusters which do not appear into AGAPE selection. These
are clusters relative to pixels where resolved stars are present
(regions labelled with black circles in Fig. 7(b)). Indeed, our
approach has been applied to all the pixels in the field, i.e.
both pixels registering luminosity of a single resolved star
and pixels registering luminosity of a whole group of stars,
while in the database used by the AGAPE approach, the
pixels corresponding to resolved stars have been eliminated.
Therefore, the difference is a consequence of the fact that
our database is larger then that used by AGAPE.
Finally, it is worth stressing that, in order to decide if
the interesting pixels, selected by the AGAPE preselection or
by our approach, are effectively lensing events, it will be
necessary to carry out some more tests (symmetry test,
achromaticity test, uniqueness test) and develop fitting models.
At the moment this is outside the scope of our aims. Tests
in this direction are in progress.

5. RESOLVED STARS ANALYSIS
Further validation of our approach has been obtained by
studying the variations of luminosity induced by the resolved
stars. The separation of the variations of luminosity due to
resolved stars from the background is accomplished by looking at the projection of the data along the first eigenvector
(Fig. 4).
We have found that the light curves induced by the
presence of resolved stars correspond to vectors whose first
component is greater than 0.1 (astrophysical data in the
right part of Fig. 4). This becomes more evident by looking
at Fig. 8, where the pixels with large fluctuations of luminosity, due to the presence of resolved stars (red and yellow
pixels), are well separated by the background (blue pixels),
and are circularly distributed around the image of two
resolved stars present in the examined area.
In conclusion, our approach gives good results in the
cases examined, and has the same efficiency as the AGAPE
approach for the preselection of pixels interesting in
microlensing events; besides, it does not require an a priori
knowledge of the light curve behaviour. Therefore, it is also
adapted for those cases where the light curve behaviour
is unknown.
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Fig. 7. (A) Pixels selected with AGAPE approach. (B) Image concerning the positions of all pixels. We have used the same colour for pixels
which belong to the same class. Blue tonalities are referred to pixels belonging to classes in the central part of Fig. 7 (noise). The 85.2% of
all data are in this region.

Fig. 8. Image concerning the distribution of data along the first
eigenvector. The light curves of red and yellow pixels, which are
influenced by resolved stars, correspond to vectors whose first
component is greater than 0.1 (region on the right of Fig. 4).
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